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ABSTRACT   
We have studied generation of stable and low-noise de-chirped ultrashort solitons in bound states and we have 
experimentally demonstrated the formation multi-bound solitons with the controllable number of bound states 7 < N < 17 
by pump power variation. A numerical simulation of the influence of various types of fluctuations on the generation mode 
was also carried out. 
Keywords: optical frequency standard, optical frequency divider, erbium-doped fiber lasers, ultrashort pulse generation, 
femtosecond. 
1. INTRODUCTION  
Mode-locked (ML) ultrashort pulse (USP) fiber lasers can be treated as an ideal platform to expand future applications due to a 
complex nonlinear dynamics with a presence of a high value of a group velocity dispersion (GVD) and a third order dispersion (TOD) 
in the laser resonator [1]. Up to now a series of novel ML regimes have been investigated e.g. self-similar pulses [2, 3], noise-like pulses 
[4], multi-bound solitons [5] and a soliton rain generation [6]. Note that the overwhelming majority of these fiber lasers schemes are 
based on a passive ML by nonlinear polarization evolution (NPE) effect (or Kerr-effect) in optical fibers along [7] or by hybrid ML [8] 
i.e. in a co-action with saturable absorber such as single-walled carbon nanotubes [9, 10, 11], graphene [12] or SESAM [13].  
Multi-bound solitons (MBS) generation regime, also known as soliton molecules, is of a considerable interest in various fields of 
applications, such as telecommunication transmission systems, in metrology field of optical frequencies, and etc. For example, the 
investigation of a MBS generation is a very attractive for increasing the data transfer capacity in telecommunications due to coding 
alphabet extension. The coding concept of MBS suggests a data stream using more than two symbols (2^N symbols, where N is the 
number of generated solitons in a bound state) [1]. MBS have implementation in nonlinear photonic signal processing due to four-wave 
mixing process in nonlinear waveguides [14]. Moreover, MBS generation can be also used in a coherent pulse staking amplification 
scheme increasing an amplification efficiency along with a formation of high-energy solitons at a high-repetition rate [15].  
Since the first numerical demonstration in Ref.  [16] MBS generation have been obtained by different ML technics. For example, the 
highest repetition rate up to 10 GHz can be achieved by active ML of a fiber laser [17, 18]. Passive mode-locking technics include 
generation of MBS by all-kinds of saturable absorbers such as SESAM [19, 20], carbon nanotubes [1, 21], graphene [22, 23] and MoS2  
saturable absorber [24]. MBS generation have been also observed in NPE-based fiber lasers but stability of generation regime was 
unsatisfactory [25-28]. Up to now stable MBS generation have been obtained only with several ultrashort pulses in bound state.  
Here we demonstrate the formation of stable multi-bound solitons with the controllable number of bound states at the 
telecommunication spectral window obtained in NPE-based all-fiber erbium-doped ring laser with a highly-nonlinear resonator. 
2. EXPERIMENTAL SETUP 
The experimental setup of the ML erbium-doped fiber (EDF) ring laser with a highly-nonlinear resonator is shown in Figure 1. A 
commercially developed isolator-polarizer (ISO PM) was used as an USP filter for launching ML based on the nonlinear polarization 
evolution effect and also ensured unidirectional generation. To adjust ML regime two polarization controllers (PCs) located at the both 
ends of the ISO PM were included into the ring cavity.  
 We have used a pigtailed single mode laser diode operating at 980 nm with a maximum output power of 500 mW as the pump 
source for the erbium-doped fiber (EDF). An 80/20 fiber coupler was used to lead the laser radiation out from the cavity.  The all-fiber 
ring cavity was formed by an 3.28 m active EDF with a low signal core absorption of ~ 14 dB/m at the pump wavelength and with a 
dispersion D ~ - 17.4 ps/(nm·km) at 1550 nm, highly nonlinear germanosilicate fiber (HNLF with a concentration of germanium oxide 
in the core ~50 mol.%) with a dispersion D ~ - 100 ps/(nm·km) at 1550 nm and ~ 11.37 m SMF-28 fiber (Corning Corp.) with dispersion 
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D ~ 17.4 ps/(nm·km) at 1550 nm was used to reduce the total net-cavity GVD to slightly negative region. The HNLF production 
parameters was the same as in [29] and the measured core diameter is ∼2.5 μm. The calculated value of the nonlinear refractive index 
n2 is 3.63·10−16 cm2/W.  
 
Figure 1. Experimental setup of the hybrid mode-locked erbium-doped all-fiber ring laser. 
3. EXPERIMENTAL RESULTS AND DISCUSSION 
Earlier we have achieved stretched pulses generation in the similar laser resonator with compensated net-cavity GVD and with a 
presence of significant third-order dispersion in the highly nonlinear laser resonator [30]. Here we demonstrate the formation of multiply 
coherently connected solitons occurring at a high pump power of ~ 300 mW. Output power versus pump power is shown on Figure 
2(a) with a maximum average output power of 30 mW. The MBS ML threshold was observed using proper PC settings with an average 
pump power of ~ 160 mW. Moreover, a hysteresis between threshold and decay of the regime against pump power was theoretically 
predicted for MBS generation [31]. 
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Figure 2.(a) Pump vs. output Power. (b) RF spectrum of the pulse train at the repetition frequency. Inset: RF spectrum in the range 0-
200 MHz. 
 
Figure 2(b) shows the typical RF spectrum for the MBS regime at the fundamental oscillator frequency with a resolution of 300 Hz 
(using the ESA FSL 3 model.03; Rohde & Schwarz GmbH & Co. KG, Munich, Germany). The RF spectrum has a peak at a 
fundamental frequency ~11.3 MHz with a signal-to-noise (SNR) ratio of ~73 dB, and the absence of any sidebands indicates the pulse-
to-pulse MBS energy stability. The inset of Figure 2(b) shows the RF spectrum in the frequency range 30 kHz–200 MHz (3 kHz 
resolution bandwidth). The high SNR ratio at the fundamental frequency and the absence of any Q-switched sidebands in the RF 
spectrum prove the pulse-to-pulse stability of the ML regime. 
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Figure 3.  (a) Pulse spectra and net-cavity GVD. (b) Intensity autocorrelation trace. Inset: the central peak of the auto-correlation trace 
with Gaussian fitting and pulse phase. 
 
The output spectrum (see Figure 3 (a)) is evidently showing high-contrast intensity fringes (~13 dB) that indicates a stable and strong 
coherent connection between ultrashort pulses and fixed coherent phase difference in the temporal domain between several identical 
pulses [1, 22, 24]. The lack of symmetry could be attributed as an high-order dispersion influence and the phase difference π/2 between 
bound solitons [32]. Constant period of sharp intensity fringes indicates the presence of several bound pulses with stable time separation 
between them [27]. 
Figure 3 (b) shows the intensity autocorrelation trace of the observed MBS generation (obtained by using the autocorrelator FR-
103WS; FEMTOCHROME RESEARCH INC., Berkeley, CA, USA and USP phase by using Swamp Optics LLC, GRENOUILLE 
Model 15-40-USB, Georgia, USA) and central autocorrelation peak with Gaussian fitting and pulse phase (inset). More than 20 bound 
pulses generation is obtained with constant intertemporal width ~ 4.5 ps and with central peak duration of < 240 fs at full width at half 
maximum (FWHM) assuming Gaussian fitting which is ~19 pulse widths between pulses. The period of the spectral modulation (see 
Fig. 4(a)) is Δλ = 2.5 nm ± 0.5 nm (Δν = 213.3 GHz). The spectral modulation inter-fringe is inversely proportional to the temporal 
separation of pulses τ = 1/Δν. Thus, the calculated bound soliton separation τ = 4.68 ps ± 1.2 ps corresponds well to the experimental 
observation from the autocorrelation trace (4.5 ps). The Gaussian form of the autocorrelation central peak without any pedestal and 
almost symmetrical form of autocorrelation without additional intensity peaks along with the observed output spectra indicates that one 
pulse duration in bond state τpulse < 240 fs at FHWM with stable temporal separation of pulses Δτ < τpulse.  
Our experimental results are confirmed by theoretical studies of the effect of the soliton energy quantization in a soliton all-fiber ring 
laser with passive mode locking based on the NPE effect in [3]. From which we concluded that the largest energy of a fundamental 
soliton with a duration τp is limited by the soliton area theorem Es ~ | β2 | / (γ • τp), where γ is the total nonlinear coefficient, and β2 is the 
total dispersion of the resonator. Quantization of the soliton energy leads to splitting of the pulse energy at operating powers exceeding 
the fundamental limit. Thus, the generation of MBS with N ~ 20 bound states is a natural consequence of the amplification competition  
between multiple solitons and the generation of ultrashort short stretched pulses at high energies occurring in an all-fiber NPE-based 
erbium-doped laser with a highly nonlinear resonator [30]. 
However, in order to fully understand the nature of bound solitons formation, it was necessary to understand how laser parameters 
cause the appearance of a certain number of bound states, and, in addition, by changing these parameters, control the number of pulses 
in a bound state. To do this, the power of the pump source smoothly varied in the range from ~ 160 mW to ~ 377 mW. It is worth noting 
that the generation type during the experiment have not changed, as can be clearly seen from the graphs of the spectra depending on the 
pump power (see Figure 4(a)), the main characteristics of the ML regime remained unchanged throughout the experiment. 
Figure 4(b) shows the dependence of the intensity autocorrelation traces on the pump power (obtained using the autocorrelator FR-
103WS; FEMTOCHROME RESEARCH INC., Berkeley, California, USA). MBS generation with 7 <N <17 bound pulses were 
obtained with a strongly fixed intertemporal width of ~ 4.5 ps for all pump powers and with a duration of the central peak of <0.5 ps at 
the full width at half maximum (FWHM). The Gaussian form of the autocorrelation central peak without any pedestal and the almost 
symmetric form of the autocorrelation trace without additional intensity peaks along with the observed output spectra indicate that the 
average pulse duration in the bound state is τpulse <0.5 ps (at FWHM). 
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Figure 4. (a) The dependence of the output spectra on the pump power. (b) The dependence of the intensity autocorrelation trace on 
the pump power. 
 
 
 From soliton quantisation theory there are several way to vary the number of solitons. The simplest way is to change the pump power. 
As a result of our experiments, it was easy to determine the dependence of the number of bound states on the pump power. As it can be 
clearly seen from the autocorrelation traces, with increasing pump power the number of bound states increases. Thus, by varying the 
pump power, we can easily control the number of pulses in a bound state. 
4. NUMERICAL SIMULATIONS. 
In order to draw a conclusion about the stability and noises of the bound soliton generation we numerically investigated the influence 
of different kinds of fluctuation in one bound state (the temporal gap between neighbor solitons, pulse duration, amplitude and phase 
variations) on the optical spectrum and autocorrelation pattern. The simulations were provided for in-phase soliton bunch with N = 20, 
temporal separation of 4.5 ps and pulse duration of 240 fs. The results of noise influence on output parameters are similar for solitons 
with N > 4 bound states. 
a) b)   
Figure 5. (a) Optical spectrum and (b) autocorrelation for 20 solitons in-phase (𝜃 = 0) in the presence of fluctuation of temporal 
separation between solitons in one bunch for the cases with maximum time deviation 2%, 5% and 10% (90 fs, 225 fs and 450 fs 
respectively) with standard deviation 𝜎 = 59 fs, 144 fs and 250 fs respectively. 
 
At first, we simulated fluctuations of the temporal separation ΔT in one soliton molecule to see its influence on the optical spectrum 
and autocorrelation pattern. Figure 5(a) provides a simulated optical spectrum for N = 20 solitons in bound state in the presence of 
fluctuation of the temporal gap ΔT between solitons with maximum time deviation of 2%, 5% and 10% (90 fs, 225 fs and 450 fs 
respectively) and standard deviation of σ = 59 fs, 144 fs and 250 fs respectively. While the central peak is the same for all three cases, 
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the modulation depth significantly decreases from the central peak to the edge and the peaks become less equidistant and noisier in the 
case of strong fluctuation of the time separation between solitons in bound state. Fig. 5 (b) depicts the intensity autocorrelation for these 
cases. While the central peak does not experience any changes, the edge peaks fall sharply in intensity and become significantly distorted 
in shape when the deviation of ΔT ~ τpulse. 
At last we simulate various pulse duration T0 inside one soliton molecule and observe its optical spectrum and autocorrelation traces 
depicted on a Figure 6. The pulse duration’s deviations were 20 %, 50 %, 100 % of  T0 and standard deviation of σ = 18 fs, 72 fs and 
104 fs respectively. It is clearly seen that optical spectrum become much noisier with lots of subpeaks and have new envelope 
modulations when pulse duration fluctuations become stronger. Therefore, the modulation depth of the optical spectrum provides 
general information on noises inside the soliton molecule. While the presence of well distinguishable edge peaks on spectrum signifies 
better quality of generated regime, the subpeaks give evidence about more significant fluctuations inside the molecule. 
a) b)  
Figure 6. (a) Optical spectrum and (b) intensity autocorrelation for 20 solitons in-phase (𝜃 = 0) with pulse duration fluctuation for 
the cases with maximum deviation 20%, 50% and 100% with standard deviation σ = 18 fs, 72 fs and 104 fs respectively.  
 
Autocorrelation pattern has not experienced strong changes, but inaccuracies could be raised while obtaining pulse duration from the 
central peak. It is obviously that if there are several pulses in the bunch, the central peak of autocorrelation function presents a 
superposition of sum of each separated pulse with different width T0 and the central peaks cannot be approximated by Gaussian function 
with high accuracy (as it shown on Figure 7) when the pulse duration has strong fluctuation. It means, that the mismatch with Gaussian 
function can be treated as pulse duration fluctuations inside one molecule.  
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Figure 7.  The central peak of the autocorrelation trace depicted on Figure 6(b).  
 
In experiment, it takes time to shoot one autocorrelation pattern. This constitutes time of ~300 ms to span 230 ps (from the first to the 
last pulse in the soliton molecule) and almost ~ 1 ms to span the central peak. Thus, a symmetry of the central peak of the autocorrelation 
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trace denotes about short-term stability of the MBS generation (from 1 ms up to 300 ms, or 11300 to 3390000 roundtrips). In addition, 
the central peak gives transitional pattern about the stability of the whole molecule. 
5. CONCLUSIONS. 
In summary, the generation of  20 stable and low-noise de-chirped ultrashort solitons in bound states with duration of ~ 
240 fs at the repetition frequency of ~ 11.3 MHz (with a signal-to-noise ratio of ~ 73.3 dB) in the erbium-doped all-fiber 
ring laser with a highly-nonlinear resonator mode-locked by an NPE effect was observed. Also, we experimentally observe 
the formation of multi-bound solitons with the controllable number of bound states in the range of 7 < N < 17 by pump 
power variation. We have demonstrated the simplest method of pulse number controlling by changing the pump power. It 
should be noted that this method does not lead to the ML destruction in the pump power range from ~ 160 mW to ~ 377 
mW. Moreover, the conducted numerical simulations confirm the generation of highly coherent MBS with high stability 
of the output characteristics. 
The reported study was economically supported under Russian Foundation for Basic Research (RFBR) projects No. 18-
32-20017 and № 18-38-00615. 
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